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Abstract. We consider some natural infinitesimal Einstein deformations on 
Sasakian and 3-Sasakian manifolds coming from deformations of the transver- 
sal complex structure. Some of these are infinitesimal deformations of Killing 
spinors and further some integrate to actual Killing spinor deformations. In 
particular, on 3-Sasakian 7 manifolds these yield infinitesimal Einstein defor- 
mations preserving 2, 1, or none of the 3 independent Killing spinors. Toric 
3-Sasakian manifolds provide non-trivial examples with integrable deformation 
preserving precisely 2 Killing spinors. Thus in contrast to the case of paral- 
lel spinors the dimension of Killing spinors is not preserved under Einstein 
deformations but is only upper semi-continuous. 



Introduction 

Let M be an n-dimensional Riemannian spin manifold with spinor bundle S. A 
Killing spinor is a non-trivial section ip £ I\E) with 

(1) V x * = cX ■ ij>, 

for some constant c, where V is the Levi-Civita connection, X any tangent vector, 
and X ■ ip denotes Clifford multiplication. An easy computation shows that Ric g = 
4(ri — l)c 2 g. Thus c must be either purely imaginary in which case M is non- 
compact, c = with tp a parallel spinor and M is Ricci-flat, or c is real and M 
is positive Einstein and compact assuming completeness. In the latter case ip is a 
real Killing spinor. We will only consider real Killing spinors with c ^ 0. Since c 
is rescaled by homotheties of the metric, only its sign is of significance. We denote 
by N + (respectively A_ ) the dimension of the space of Killing spinors with c > 
(respectively c < 0). 

Killing spinors are of interest in physics in supergravity and string theories jllj . 
But they are also of interest purely mathematically. See [5] for a survey. Much 
work has been done in classifying manifolds admitting a Killing spinor. C. Bar [5] 
classified simply connected manifolds admitting a real Killing spinor in terms of the 
underlying geometry of (M, g). The classification is given in terms of the holonomy 
of the metric cone (C(M), g), C(M) = R + x M, olg = dr 2 +r 2 g. The argument in 
is essentially that the connection Vx — cX on S is identified with the Levi-Civita 
connection V of g on S (the spin bundle of C(M) when n is even, and half-spin 
bundle when n is odd). Then the classification is in terms of irreducible holonomics 
admitting a parallel spinors [42] , See Table Q] for the classification. Therefore, just 
as for the irreducible reduced Ricci-flat holonomies there are two cases occurring in 
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Table 1 . real Killing spinors 



dim M 


N + 


iV_ 


Hol(C(M)) 


geometry 


n 


2L*J 


2L*J 


Id 


n-sphere 


4m — 1 


2 





SU(2m) 


Sasaki-Einstein 


4m + 1 


1 


1 


SU(2m+ 1) 


Sasaki-Einstein 


4m - 1 


m+1 





Sp(m) 


3-Sasakian 


6 


1 


1 


G 2 


nearly Kahler 


7 


1 





Spin(7) 


weak G2 



infinitely many dimensions, the Sasaki-Einstein and 3-Sasakian manifolds, and two 
exceptional cases, nearly Kahler and weak G2 in dimensions 6 and 7 respectively. 

Nearly Kahler structures, introduced by A. Gray in the context of weak holo- 
nomy, are almost Hermitian structures (g, J, to) with Vx J(X) = for any X £ TM . 
Note that for a proper nearly Kahler structure, i.e. not Kahler, the almost complex 
structure J is not integrable and dui ^ 0. When n = 6 the torsion of the Sub- 
structure is contained in a 1-dimensional sub-bundle. In |31j it is shown that every 
nearly Kahler manifold is locally the Riemannian product of Kahler manifolds, 
3-symmetric spaces, twistor spaces over positive quaternion-Kahler manifolds and 
6-dimensional nearly Kahler manifolds. Thus most questions about nearly Kahler 
manifolds reduces to proper 6-dimensional nearly Kahler manifolds. 

A weak G2 manifold is a 7-manifold with a vector cross product coming from 
the imaginary octonians, or equivalently a stable 3-form a £ f2 3 with da = —A * a 
with A a constant. The form a defines a reduction of the structure group 
of M to G2 and thus a metric g as G2 C SO(7) and orientation. Also (M,g) is 
Einstein with scalar curvature s = ^-A 2 . Again, the torsion of the G-structure lies 
in a 1-dimensional sub-bundle. See |16j for results on weak G2 manifolds including 
a classification of homogeneous examples. 

Most interesting is perhaps n = 7 for which, when M is simply connected and 
not of constant curvature, N + = 1, 2, or 3, in which case (M, g) is said to be of type 
1, 2, or 3 respectively. Recall that the spinor representation S of Spin(7) is real, 
S = Sr ® C. Thus M has a real spinor bundle £r, and the space of solutions to 
([I]) is the complexification of solutions in r(£iF>). Each section tp £ T(Er) defines a 
G2-structure on M with stable 3-form a^, and there is a bijective correspondence 
between sections of P(£r) and G2-structures with metric g and given orientation. 
If -0 is a representative of such a section with — 1, then cr^ defines a weak G2- 
structure, da^p = — A*a^,, if and only if ip satisfies ([T]), with A = 8c. If (M, g) is type 
1, then then there is a unique 3-form inducing the given metric and orientation. 
If it is of type 2, then (M,g) is Sasaki-Einstein but not 3-Sasakian and there is 
a space of compatible 3-forms parameterized by KP 1 . And if it is of type 3, then 
(M,g) is 3-Sasakian and has a space of compatible 3-forms parameterized by RP 2 . 
See PS]. 

Note that an easy computation of the curvature of the warped product shows 
that (C(M),g) is Ricci-flat if and only if (M,g) is Einstein with Ric g = (n — l)g. 
Thus the classification as in Table Q] gives a natural scaling in which c = ±i in (p} 
and s = n(n — 1). 

We consider deformations of the Killing spinor equation (PJ under deformations 
of g, both infinitesimal and genuine. As solutions to (P| imply that (M,g) is 
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Einstein we consider Einstein deformations. The beginnings of a general theory of 
deformations of Killing spinors was developed by M. Wang [43], making use of the 
work of J. -P. Bourguignon and P. Gauduchon ,|[| on the variations of spinors under 
metric variations. 

More recently there has been some work on the two exceptional cases in Table [T] 
In [28] and 30 it is shown that the space of infinitesimal Einstein deformations of 
a proper nearly Kahler 6-manifold consists of eigenspaces of the Laplace operator 
A restricted to the space £ of co-closed primitive (1, l)-forms. If £(A) denotes the 
A-eigenspace of A restricted to £, then the space of essential infinitesimal Einstein 
deformations is E{2) © £(6) © £7(12). The space of infinitesimal deformations of 
nearly Kahler structures is E(12). Besides S 6 , which has no Einstein deformations 
the only examples of proper nearly Kahler 6-manifolds are 3-symmetric spaces, 
CP 3 = SO(5)/U(2), £(1, 2) = SU(3)/U(1) x U(l), and 5 3 x5 3 = SU(2) x SU(2) x 
SU(2)/A. In [5S] it is shown that the nearly Kahler structures on CP 3 and S 3 x S 3 
have no infinitesimal Einstein deformations, and on F(l,2) E(2) and £(6) vanish 
while £(12) is an 8-dimensional space. 

Similar results are known for weak G2 manifolds. In 1 a similar decomposition 
of the infinitesimal Einstein deformations on a weak G2 manifold are given. First 
recall that a G2-structure induces a decomposition of the 3-forms into irreducible 
G2-representations A 3 = Af ©A 3 .© A?, 7 . And there is a map 1 : Sq(T*) -> A 3 , which 
on a decomposable element a /3 is b{a /3) — a A (/3 j a) + f3 A (a j a) , which is an 
isomorphism onto A| 7 . It is proved in [T] that the essential infinitesimal Einstein 
deformations is the direct sum 

£(16) ©£(4) ©£(8), 

where £(16) = {7 G 0| 7 j *<2 7 = -4 7 }, £(4) = {76 n 3 7 \ * dj = 2 7 }, and E(8) = 
{7 € il2 7 \dd*j = 87}. The notation E(X) indicates that these are subspaces of the 
A-eigenspace of A. The space £(16) is the subspace of infinitesimal deformations 
of weak G2-structures, or more precisely, those not fixing the metric and deforming 
the Killing spinor. This space is computed on the normal homogeneous examples: 
the isotropy irreducible space SO(5)/SO(3), the pinched metric on 5 7 , and the 
second Einstein metric on the Aloff-Wallach space N(l,l) = SU(3)/U(1). The 
first two case have no infinitesimal Einstein deformations, while for the third the 
infinitesimal Einstein deformations correspond to £(16) which is 8-dimensional. 

These results might lead one to suspect that there might be some stability for 
Killing spinors under Einstein deformations, either infinitesimal or integrable. Fur- 
thermore, for the case c = in (TTJ), i.e. parallel spinors, there are strong stability 
results [43] [33] . Recall that a simply-connected, spin, irreducible Riemannian man- 
ifold (M, g) admits a parallel spinor if and only if the holonomy Hol(g) = G where 
G = SU(m), Sp(m), G2, or Spin(7). Define a G-manifold to be a connected oriented 
manifold of dimension 2m, 4m, 7 or 8 respectively with a torsion-free G-structure 
with G from this list. This means Hol(g) C G. Thus a G-manifold M is Ricci-flat, 
and we define Wq to be the moduli space of torsion-free G-structures on M, Mg 
the moduli space of G-metrics, i.e. metrics induced by a torsion-free G-structure, 
and Mo the moduli space of Ricci-flat metrics on M. Here the moduli spaces are 
defined by quotienting by diffeomorphisms isotopic to the identity. We have the 
following result of J. Nordstrom extending similar results of M. Wang [43] , 
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Theorem 1 ([33]). Let M be a compact G-manifold with G — SU(m), Sp(m), G2, 
or Spin(7). Then Mg is open in Mo- Furthermore, Mg is a smooth manifold and 
the natural map 

m : W G -> M G 

that sends a torsion-free G-structure to the metric it defines is a submersion. 
Note that the fibers of m are compact manifolds. 

This article will show that there is no analogous result for Killing spinors. Un- 
der Einstein deformations N + , iV_ arc merely upper semi-continuous and can drop 
under infinitesimal and integrable Einstein deformations. In particular, the toric 
3-Sasakian 7-manifolds of [9] have interesting infinitesimal Einstein deformations. 
Let H 1 (A') be the first cohomology of the complex (f30|) . that is the first order 
deformations of the complex structure of the Reeb foliation j£jt. We show that 
dime H 1 (A') = 62 (M) — 1 if (M, g) is a toric 3-Sasakian 7-manifold. 

Theorem 2. Let (M,g) be a 3-Sasakian 7-manifold with dime H 1 (A') > 0, e.g. 

a toric 3-Sasakian 7-manifold with 62 (Af) > 2. Thus (M,g) has three linearly 
independent Killing spinors. Then there exist infinitesimal Einstein deformations 
of g preserving two, one, and zero dimensional subspaces of the Killing spinors. 

It is unknown whether the infinitesimal Einstein deformations preserving only 
1-dimensional subspaces of Killing spinors or none are integrable. But in Section [3] 
some infinitesimal Einstein deformations are proved to be integrable. For examples 
the infinitesimal deformations of on a toric 3-Sasakian 7-manifold in the theorem 
preserving a 2-dimensional subspace of Killing spinors can be shown to be inte- 
grable. 

Theorem 3. Let (M,g) be a toric 3-Sasakian 7-manifold, so N + = 3. There exists 
an effective space 11 C £ b 2(M)-i j Ei ns t e i n deformations of g — go. Fort G IX and 
t ^ 0, gt is Sasaki- Einstein but not 3-Sasakian. Thus gt,t ^ 0, admits only a two 
dimensional space of Killing spinors, N + — 2,iV_ = 0. 

We also prove in Theorem 13.31 that certain infinitesimal Einstein deformations 
on a general 3-Sasakian manifold are integrable. In Section [4] we see that this has 
implications for the local premoduli space of Einstein metrics. 

Corollary 4. Suppose (M,g) is 3-Sasakian with dime H 1 (A*) > 0, e.g. a toric 3- 
Sasakian 7-manifold with 62 (M) > 2. Then either there exist Einstein deformations 
of g preserving no Killing spinors, or the Einstein premoduli space is singular. 

In Section [1] we review necessary background on the deformations of Einstein 
metrics, the variation of spin structures, and deformations of Killing spinors. In 
Section [2] we show that infinitesimal deformations of the transversal complex struc- 
ture of a Sasaki-Einstein manifold give infinitesimal Einstein deformations. We 
then give the basic results on these deformations regarding the behavior of Killing 
spinors, on Sasaki-Einstein and 3-Sasakian manifolds. In Section [3] we give some 
results on when these infinitesimal Einstein deformations integrate to genuine Ein- 
stein deformations. In Section [4] we study the space of these infinitesimal Einstein 
deformations on a 3-Sasakian manifold more closely, and we prove Theorem [21 The- 
orem [3] and Corollary [H In Section [5] the examples of toric 3-Sasakian 7-manifolds 
from [9] provide non-trivial examples of the above results. 
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1. Preliminaries 

1.1. Spinors. We review the explicit construction of the spin representations via 
explicit representations of the Clifford algebras Cl(n). For more details on spin 
geometry see [23] and [3]. These representation will give the complex represen- 
tations of the complex Clifford algebras Cl(n) = Cl(n) ® C. Suppose V is a real 
vector space of dimension n = 2m with a metric g and compatible almost complex 
structure I : V — > V. We have the decomposition V © C = V ,0 © V ' 1 , and the 
spinor space is 

S(V) :=A*'°V = A*V 1 ' . 

The representation c : C1(F) — > End(S(V)) is defined by its action on V (8 C. For 
v e V 1 ' define c(v) := \J~2v A •, and for w 6 V ' 1 define c(w) :— —V2w j •, where 
the contraction is induced by the metric g on V extended complex bilinearly. 

Recall we have the splitting C1(V) = Clo(V)©Cli(V) m to even and odd elements 
making C1(V) into a superalgebra, that is 

Clr(V') ■ Cl a (V) C Cl t (V) with t = r + s mod 2. 

We have Pin(n) C Cl(n), where Pin(n) is the universal cover of O(n), and Spin(n) C 
Clo(n) is the universal cover of SO(n). 

The representation has a splitting preserved by the superalgebra structure of 
C1(V) 

(2) S(V) = S 2m = S+ m © S 2m , 

that is Cl (V r ) ■ Sf m C S^ m while Ch(V) ■ Sf m C S^ m . The restriction of S(V) to 
Spin(2m) is the spin representation, which splits into components in ([2]) which are 
irreducible. 

As in [42] , we define S^ m to be the half-spin representation with highest weight 
\{x\ + ■ ■ ■ + x m ), while S^ TO has highest weight \{x\ + • • • + x m -\ — x m ), with the 
usual choice of fundamental weights. If {ei, . . . , e2 m } is an orthonormal basis of V, 

then S^ m are the +1 and —1 eigenspaces of wc = (V~ l)*™ +2m e\ ■ ■ ■ ei m . 

Remark 1.1. Note that this differs from the convention in [33] where are 
defined at the +1 and —1 eigenspaces of ui£ = (V~ l)™ei ■ ■ ■ £im- This differs from 
our convention by a factor of (— 1) ( 2 + ' . 
Explicitly, we have 

S± = A m -°V © A m - 2 '°V © • • • , 

= A m_1 '°y © A m " 3 '°y © • • • . 

For the odd dimensional case, n = 2m + 1, let {e\, . . . , e2m} be an orthonormal 
basis of V and define V = V © Re2 m +i, with e2m+i unit length and orthogonal 
to V. We define d : Cl(V') -> End(S(F)) as follows. If v € V we let c'(v) := 
c(v) e End(S(V)) as above, and we define c'(e 2m +i) := — (— l) £! 5 ll c(ei • • • e2 m ) G 
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End(S(y)). Note that C\(V) = Cl(2m + 1) has two irreducible complex represen- 
tations, each of dimension 2 m , and changing the sign of c'(e2m+i) gives the other 
representation of C\(V). 

Alternatively, let V = Vq © R2 m be an orthogonal sum. Then 

(4) Cl(V ) S! CIo(V) End(S ± (T/)), 

7 

where the isomorphism 7 : Cl(Vb) — Clo(V) is given by e 2 ; i-> e 2 ; • e2 m - The choice 
of half-spin representations S (V) gives the two representations of Cl(Vb) denoted 
by Sfm-i- The restrictions of S 2 t m _ 1 to CIq(Vo) are identical, thus restricting to 
Spin(2m — 1) C Clo(Vo) gives the complex spin representation 82m— lj without a 
superscript. 

Let (M, g) be an oriented Riemannian manifold with a spin structure. We 
have the principal bundle of orthonormal frames Lso(n) with the spin structure a 
Spin(n) principal bundle -£/g p i n (n) with 2-fold cover 9 : Lspin(n) - ► ^so(n)j restrict- 
ing to the 2-fold cover Spin(n) — > SO (n) on each fiber. The spin bundle is E = 

ispin(n) XSpin(n)S„. If U = 2m then E = S+ffiE", Where E± = £g pin ( n ) XSpin(n)S±. 

When n is odd although there is a unique spinor bundle E there are two choices as 
a bundle of Clifford modules over Cl(TAf). 

1.2. Killing spinors. Let (M,g) be a spin manifold with ip <G L(E) a non-trivial 
solution to (TTJ). The classification of real Killing spinors in [2 , summarized in 
Table [TJ follows from the possible holonomy groups of an irreducible, simply con- 
nected Riemannian manifold (M,g). A simple calculation shows that the metric 
cone C(M) = R + x M, g = dr 2 + r 2 g, has Ricci curvature Ric§ = Ric g — (n — l)g. 
The existence of a Killing spinor implies Ric ff = 4c 2 (n — l)g, so Ricg = if and 
only if c = ±i. Hence we assume c = ±|. Clearly, a spin structure on M induces a 
unique spin structure on C{M) and conversely. The identification Cl(n) = Clo(rH-l) 
allows one to write the spin bundle Em = Lspin(n) (M) Xg p ; n ( n ) S„+i where S n +i is 
one of the half spin representations if n is odd and Spin(n) acts on S„+i via 7 in (j4|). 
The connection := Vx T \X- on Ea/ induces a connection 4> on the principal 
bundle Lspin(n) (M) Xg pin ( n ) Spin(n + 1) with values in spin(n + 1). This induces a 
unique connection <f> on Lso(n)(-W) Xgo( n ) SO(n+ 1). The pivotal observation of [2] 
is that the pull-back of 4> on 7r*Lg ( n )(M) x SO ( n ) SO(n+ 1) via n : R + X M — > M is 
naturally identified with the Levi-Civita connection ifi^c on Lgo( n +i) (C(M)), and 
likewise the pull back of 4» on 7r*Lg p i n („) (M) Xg pin („) Spin(n + 1) is identified with 
the spin connection 4>lc on Lg p i n ( n +i) (C(M)). 

Therefore, if tp € T(Em) is a Killing spinor, = and </> := tt*^) is a par- 

allel spinor in ^c(M) if n is even or E* if n is odd. Furthermore, the holonomy 
group H of </> is isomorphic to the holonomy H of the spin connection tp^c on 
-t'Spin(n+i) (C(M)). The classification in Table[T]then follows from the possible irre- 
ducible reduced Riemannian holonomy groups in the Berger-Simons classification 
admitting a parallel spinor. It was proved in [17] that if the reduced holonomy 
Hol(C(M), g)o of a metric cone is reducible then (C(M),g) is flat. Note that the 
covering 9 : Spin(n + 1) — > SO(n + 1) maps H onto the Riemannian holonomy 
H of (C(M),g) with kernel either {1} or {±1}. The possibilities the non-simply 
connected case are classified in [44] . 

Since Killing spinors correspond to a holonomy reduction we will make use of 
the decomposition of some restrictions of the spinor representation S„. Let fx m 
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be the usual representation of SU(m) C SO(2to) on C m . Since SU(m) is simply 
connected, SU(m) C SO(2m) lifts to an embedding SU(m) C Spin(2m) under 
9 : Spin(2™) — ¥ SO(2m). We have from our conventions 

^ s+j su(m) = A m fi m © A m ~Vm © • • • 

S2m|su(m) = A m_ Vm © A™~ 3 /im © • • • 

We will need to consider the spin representation restricted to sp(m) ffisp(l) C 
SO(4to). Let i>2m be the complex representation of Sp(m) given by Sp(m) C 
SU(2rn). Contraction by the symplectic form gives A fe f2 m = © K. k ~ 2 V2,m for 
fn > k > 2, as Sp(m)-representations where A& is the irreducible representation of 
Sp(m) with highest weight x\ + ■ ■ ■ + Xk- It is an elementary result (see [TU1 Prop. 
4.14])that an irreducible representation of Sp(m) x Sp(l) is of the form ^©VK where 
V and W are irreducible representations of Sp(m) and Sp(l) respectively. A little 
more work shows that 

S|„J sp(m)es p (1) = A ©7 m © A 2 ©7 m _ 2 © • • • 

(6) _ „ 

S 4TO Up( TO )esp(i) = Ai©7 m _i © A 3 ©7 m _ 3 © • • • 

where -fk = S k (/j,2) is the irreducible representation of SU(2) = Sp(l) of dimension 
k + 1. It follows from ([5]) that for m even the inclusion Sp(m) • Sp(l) = Sp(m) x 
Sp(l)/Z 2 C SO(4m) lifts under 6 : Spin(4m) -> SO(4m) to Sp(m) x Sp(l)/Z 2 C 
Spin(4m). While when m is odd 9~ 1 (Sp(m) ■ Sp(l)) = Sp(m) x Sp(l) C Spin(4m), 
which contains (— /, —1) = —1 € Spin(4m). 

1.3. Sasakian manifolds. 

1.3.1. Sasakian structures. We will consider some Killing spinor deformations on 
Sasakian and 3-Sasakian manifolds. These cases constitute the non-exceptional 
cases in the classification in Table [1] See [7] or the monograph [8] for more details. 

Definition 1.2. A Riemannian manifold (M,g) is Sasakian if the metric cone 
(C(M),g), C(M) := R + x M and g = dr 2 + r 2 g, is Kdhler, that is g admits a 
compatible almost complex structure J so that (C{M),g, J) is a Kdhler structure. 
Equivalently, Hol(C(M),g) C U(m), where dimM = n = 2m — 1. 

It is convenient to identify M with {r = 1} = {1} x M C C(M). A Sasaki 
structure is a special type of metric contact structure. Traditionally the Sasakian 
structure on M was defined as a metric contact structure (<?, r/, £, $) satisfying an 
additional condition called normality, which is an integrability condition, where rj 
is a contact form with Reeb vector field £ and $ is a (1, 1) tensor. Here £ and rj are 
defined by 

(7) £ = J9r, r](X)=g(Z,X). 

These are restrictions to M of £ = Jrd r and r\ = jj on C(M), which are given 
the same notation. It follows from the latter formula that 

(8) r ! = d c logr 1 

where d c = y — 1(9 — d). One can show from the warped product structure of 
(C(M), i?) that £ is Killing and real holomorphic. If uj is the Kahler form of g, then 

2ui = L r g r u} = d(rd r joj) = d(r 2 rf) = —dd 2 r 2 . 
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Thus \r 2 is a Kahler potential for cj, i.e. 

u = -dd c r 2 = y—^ddr 2 . 
4 2 

wc also have 

I I 

(9) lu = -d{r 2 n) — rdr A r\ + -r 2 drj. 

Let D C TM be the contact distribution which is defined by 

(10) D x =kerr] x 

for x G M. Furthermore, if we restrict the almost complex structure to D, then 
(.D, J) is a strictly pseudoconvex CR structure on M. There is a splitting of the 
tangent bundle TM 

(11) TM — D (B 

where is the trivial subbundle generated by £. The tensor $ G End(TM) is 
defined by $\d — J and = 0. Since £ is Killing one can show that $ = V£. 
We denote the Sasakian structure by (<?, 77, £, $). 

The vector field £ + \J— lrd r is holomorphic on C(M), thus it defines a holomor- 
phic action of C*, the universal cover of C*. The intersection of each orbit with 
M C C(M) is an orbit of the action of £ on M. Thus the orbits define a transversely 
holomorphic foliation ^ on M called the Reeb foliation. The Sasakian structure 
is quasi-regular if all the orbits are compact, in which case we have a U(l) action. 
The structure is regular is this is a free action. The structure is irregular is not all 
the orbits are compact. 

The foliation ^ together with its transverse holomorphic structure is given by 
an open covering {U a } a& A and submersions ir a : U a — > W a C C m_1 such that 
when U a r\U/3 7^ the map 

4>l3a =TT fj o tt^ 1 : n a (U a n t/g) ->• np{U a n t^) 

is a biholomorphism. 

Note that on [/ a the differential dix a : D x — > T^wWa at 1 e (7 Q is an iso- 
morphism taking the almost complex structure J x to that on T Vot ^W a . Since 
£ j drj — the 2-form ^dry descends to a form ui^ on W a . Similarly, g T — \dr]{-, $•) 
satisfies ££</ T = and vanishes on vectors tangent to the leaves, so it descends to 
an Hermitian metric on W a with Kahler form u>^. The Kahler metrics {g^} 
and Kahler forms {w^} on {W a } by construction are isomorphic on the overlaps 

<f>p a ■. 7r a (u a n u fi ) -> TTfs(u a n Up). 

We will use g T , respectively lo t , to denote both the Kahler metric, respectively 
Kahler form, on the the local charts and the globally defined pull-back on M. 

If we define v(,^^) = TM/L^ to be the normal bundle to the leaves, then we can 
generalize the above concept. 

Definition 1.3. A tensor * G r((y(^)*)^|g|!/(^)^) is basic if = for 
any vector field V G T(L^). 

Note that it is sufficient to check the above property for V = Then g T and 
u> T are such tensors on v(&t). We will also make use of the bundle isomorphism 
7r : D — > ^(^), which induces an almost complex structure J on f(^j) so that 
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(D, J) = (z/(=^), J) as complex vector bundles. Clearly, J is basic and is mapped 
to the natural almost complex structure on W a by the local chart dir a : D x — > 



To work on the Kahler leaf space we define the Levi-Civita connection of g T by 



torsion free connection onfl~ v (^() so that V T .g T = 0. Then for X,Y E T(TM) 
and Z £ r(D) we have the curvature of the transverse Kahler structure 



We will denote the transverse Ricci form by p T . From O'Neill's tensors computation 
for Riemannian submersions |34) and elementary properties of Sasakian structures 
we have the following. 

Proposition 1.4. Let (M, g, 77, £, <I>) be a Sasakian manifold of dimension n = 
1m — 1, then 



A Sasakian manifold (M, g,rj,£,,&) is Sasaki- Einstein if g is an Einstein metric, 
which by Proposition 1 1 . 41 has Einstein constant n — 1, that is 



By the remarks in Section [l~2l this is equivalent to (C(M), g) being Ricci- flat. There- 
fore, (fl4|) is equivalent to the reduced holonomy Hol(C(M), g)o C SU(m). If (M, g) 
is not of constant curvature, then from [T7] either Hol(C(M), <?)o = SU(to) or m is 
even and Hol{C(M),g) = Sp(f). 

1.3.2. 3-Sasakian structures. Recall that a hyperkahler structure on a 4m-dimensional 
manifold consists of a metric g which is Kahler with respect to three complex struc- 
tures Ji, J2, J3 satisfying the quaternionic relations J\ J2 — —J2J1 — J3 etc. 

Definition 1.5. A Riemannian manifold (M,g) is 3-Sasakian if the metric cone 
(C(M),g) is hyperkahler, that is g admits compatible almost complex structures 
J Q , a = 1,2,3 such that (C(M), g, J\, J2, J3) is a hyperkahler structure. Equiva- 
lent^, Hol(C(M)) C Sp(m). 

A consequence of the definition is that (M, g) is equipped with three Sasakian 
structures (g, r]i, i = 1,2,3. The Reeb vector fields & = Ji(rd r ), i = 1,2,3 
are orthogonal and satisfy = — 2e* J ' fc ^, where £ y is anti-symmetric in the 

indicies k £ {1,2,3} and e 123 = 1. The tensors $i, i = 1,2,3 satisfy the 
identities 






(14) 



Rkg = (n- l)g. 



(15) ^(60=e <3 "*& 

(16) o $j = -Sijl + e l]k § k + r]j ® ^ 

It is easy to see that there is an S 2 of Sasakian structures with Reeb vector field 
£t = n£i + + 73^3 with r S S 2 . 
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The Reeb vector fields {^1,^2,^3} generate a Lie algebra sp(l), so there is an 
effective isometric action of either SO(3) or Sp(l) on (M,g). Both cases occur in 
the examples in this article. This action generates a foliation ^fi,£ 2 ,f 3 with generic 
leaves either SO(3) or Sp(l). 

If we set Di — ker?/; C TM, i = 1,2, 3 to be the contact subbundles, then the 
complex structures Ji, i = 1, 2, 3 are recovered by 

(17) Ji(rd r )=$ i , Ji\ Di =$i- 

Because a hyper-Kaher manifold is always Ricci-flat we have the following. 

Proposition 1.6. A 3-Sasakian manifold (M,g) of dimension Am — 1 is Einstein 
with Einstein constant A = Am — 2. 

We choose a Reeb vector field £1 fixing a Sasakian structure, then the leaf space 

is a Kahler orbifold Z with respect to the transversal complex structure J = $1. 

But it has in addition a complex contact structure and a fibering by rational curves 

which we now describe. The 1-form rf = r/2 + \f— 1773 is a (l,0)-form with respect 

to J. But it is not invariant under the U(l) group generated by exp(i£i). We have 

exp0£i)*rf = e 2 ^ 1 *^. Let L = M x u(1) C, with U(l) acting on C by e^ 2 ^ 1 *. 

This is a holomorphic orbifold line bundle; in fact C(M) is either L _1 or L 5 minus 

the zero section. It is easy to see that each of these cases occur precisely where 

the Reeb vector fields generate an effective action of SO(3) and Sp(l) respectively. 

Then rf descends to an L valued holomorphic 1-form 9 € r(f2 1 '°(L)). It follows 

easily from (|16|) that dif restricted to D\ n ker?y c is a non-degenerate type (2,0) 

form. Thus 9 is a complex contact form on Z, and 9 A (d9) m ~ 1 G L(K^ ® L™ 1 ) is 

i_ 

a non- vanishing section. Thus L = K 2 m . 

Each leaf of ^ 1 ^ 2 .^ 3 descends to a rational curve in Z. Each curve is a CP 1 
but may have orbifold singularities for non-generic leaves. We see that restricted 
to a leaf L| CP i = 0(2). The element exp^^) acts on M taking £1 to — £1, thus 
it descends to an anti- holomorphic involution : Z — > Z. This real structure is 
crucial to the twistor approach. Note that <j*6> = 9. This all depends on the choice 
£1 € S 2 of the Reeb vector field. But taking a different Reeb vector field gives an 
isomorphic twistor space under the transitive action of Sp(l). 

1.4. Deformation of Einstein metrics and Killing spinors. 

1.4.1. Deformation of Einstein metrics. We describe what we will need from the 
theory of deformations of Einstein metrics and deformations of Killing spinors. For 
more on the deformation theory of Einstein metrics see [5J ch. 12] or [3D]. See [5] 
for the apparatus for working with spinors under metric variations, and see [43] for 
this applied to the Killing spinor equation. In this section M denotes a compact 
connected n-dimensional manifold. 

Definition 1.7. Let g be an Einstein metric on M. A family g t of Einstein metrics 
on M of fixed volume with go — g depending smoothly ontEU C R fc is an Einstein 
deformation of g. 

Because Einstein metrics are critical points of the total scalar curvature func- 
tional g i— > J M s g n g restricted to metrics of a fixed volume, a deformation of Ein- 
stein metrics has fixed scalar curvature s — s gt . Thus 

(18) Ric 9t = Xg t , 



DEFORMATIONS OF KILLING SPINORS 



11 



where A = — . We will consider positive scalar curvature Einstein metrics, and it 
will be convenient for us to assume A = n — 1. 

Let be the space of Riemannian metrics on M of fixed volume c. This is acted 
upon by the diffeomorphism group @. A local description of the quotient ^£ C /S$ 
is given by D. Ebin's Slice Theorem |12j which we paraphrase below. The tangent 
space to at g denoted T g ^ c consists of symmetric 2 tensors h 6 T(S 2 T*M) with 
f M trh[ig = 0. The tangent space to the orbit Q>* g consists of all Lie derivatives 
Lxg = 25*X b , where X is the 1-form dual to a the vector field X and 

(19) (S^X^ = 1(^ + ^x1), 

with V the Levi-Civita connection. One can show that Im5* C T g ^ c is closed, 
and 

(20) T g Ji c = Im 5* g © (T a JZ c n ker S) , 

where {5 g h)i = —V^hji is adjoint to 5*. 
The Slice Theorem states that 

Tinker (5 = {h e T(S 2 T* M)\5 g h = 0, / tr g hfi g =0} 

J M 

integrates to a submanifold 5f g C ^ c which is a slice for the action of 9 with the 
following properties. 

(i) ,5f g is invariant under the group of isometries Isom(<?) of g. 

(ii) If 7 G 9 and 7 *^ s n S^ g ^ 0, then 7 G Isom(g). 

(hi) There is a cross section \ '■ lsom(g)\9 — > & defined on a neighborhood IX of 
the coset Isom(g) so that F : y g x U -> defined by F(gi,u) — x( u )*9i 
is a diffeomorphism onto a neighborhood of g in ^# c . 

Let h = -£r|t = o, then differentiating (fT8)) gives 

(21) 2E' g (h) = (A + 2L - £*<5 5 - Vdtr ff )/i = 0, 

where (Lh)ij — R^ hki and A = V*V is the rough Laplacian. 

Definition 1.8. Let [M,g) be an Einstein manifold. A symmetric 2-tensor h € 
r(s 2 T*M) is an infinitesimal Einstein deformation of g if h satisfies V21\) and 
J M tT g hfi g = 0. The space of infinitesimal Einstein deformations is denoted by 
£2%). 

An infinitesimal Einstein deformations of the form Lxg is said to be trivial. The 
space of trivial infinitesimal Einstein deformations is denoted 'JETi(g). An infini- 
tesimal Einstein deformation h is said to be essential if it is orthogonal to 7EV(g). 
The space of essential infinitesimal Einstein deformations is denoted £EV(g). We 
can use the following lemma due to M. Berger and D.G. Ebin as the definition of 
EEV(g). 

Lemma 1.9. 4 Let (M,g) be an Einstein manifold. An h e T(S 2 T*M) is an 
element of EET>{g) if and only if h satisfies 

(22) (A + 2i)/i = 0, 8 g h = 0, tr g h = 0. 
We have the decomposition of closed spaces 

(23) ED(g) = Z£V(g)®T£V(g), 
with ££33(5) finite dimensional. 
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Definition 1.10. Let [M,g) be an Einstein manifold. The subset of Einstein 
metrics in the slice 5? g at g is called the local premoduli space of Einstein structures 
and denoted by &^(g). 

The local moduli space is 3*.M (g)/ Isom(<7) , but it will be more convenient to 
work with the local premoduli space. The following is due to N. Koiso [21] . 

Theorem 1.11. Let (M,g) be an Einstein manifold. There is a finite dimensional 
real analytic submanifold Z of ,5fg satisfying: 

(i) The tangent space of Z at g is 8,£T>(g). 

(ii) The premoduli space 3P^£(g) is contained in Z as a real analytic set. 

1.4.2. Deformation of spinors. We will need the machinery due to J. P. Bourguignon 
and P. Gauduchon for describing variations of spinor bundles and applied by M. 
Wang to study Killing spinor variations for describing spinors under metric varia- 
tions. 

Let P = Lsotn) be the bundle of oriented orthonormal frames on (M, g). A spin 
structure is a double cover P. Given a symmetric, with respect to g, automorphism 
a : TM — > TM we have a new metric 

g a (X,Y)=g(a- 1 X 1 a- 1 Y). 

If P a is the bundle of g Q -orthonormal oriented frames, a : P — > P a is SO(n)- 
equivariant, and gives an isomorphism 

E = -P x Spin(n) S n — > £ — P X Spin ( n ) S„. 

Let a(t) be a smooth path of symmetric automorphisms with a(0) = Itm, and 
&t Killing spinors for g a , 

r-7a(t) a v 

V x "t = CA 7 (7 t . 

Set <Jt = a(t)^ 1 ((Tt), then in terms of the original spin bundle 

(24) Vf ) a t = ca(t)- 1 (X)-a t , 

where V^ (t) = a(i)" 1 o V^ (t) o a(t). 

A deformation of the Killing spinor o~o is a path [a(t),at) satisfying 

(25) L c (a(t),a t )(X) := vf ] a t - cait)- 1 (X) ■ a t = 0. 
We will make use of the twisted Dirac operator 

(26) D : L(TMp ® £) ->■ T(TM£ ® E). 
Decomposing into irreducible representations of Spin(n) 

TMl® E = E©£a, 

where Ea is the bundle coming from the kernel of Clifford multiplication p : T ® 
S n — > S„. The component of D on E| is the Rarita-Schwinger operator 

(27) Q:L(E3)^r(E3). 
If * e r(Es) then = if and only if 5 g V = 0. 
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We define tensors *^> CT °), 0^°) G r(T*M c ® E) for ft : TM -> TAf and 
<ro G r(E): 

(28) tjr(/Va)(jsQ = /3(X) -cto 

(29) Q^(X)=J2e i (V i ft)(X)-a , 

i 

where X £ TM and {e{\ is a local ortho normal frame. If ft is symmetric, tr s /3 = 0, 
and S g ft = then f< ft "»),e ( ' i '' I|,) € r(Es). And if cr is a Killing spinor, then 

Differentiating ([231) at (t TM ,a ): 
Proposition 1.12 (03]). 

d£ c (d,<7)(X) = Vct x - cXCT + ca(X)cr - ~ ^ ei (V;d)(X)cro + ~s(<Ja, .X> . 
IftT g (a) =6a = 0, then dL c (a,a) = if and only ifV x ° = cX& and = 

For ft : TM -> TM ^-symmetric, define /i(X,y) = -2g(ft(X), Y). 

Proposition 1.13 (@3j). //tr ff/ 3 = 5^ = and D*(0> ff °) = cratf^' ff °), ifcen 
(A + 2L)h = w/iere (Lft)y = Rf/hki. 

So he r(s 2 T*M) is an infinitesimal Einstein deformation. 

Definition 1.14. An infinitesimal deformation of the Killing spinor ero is a pair 
(ft, cr) satisfying: 

(i) a is a Killing spinor with constant c, 

(ii) tig ft = 5ft = 0, 

(Hi) D^^' a °) = nc^' ao h 

The following result will have applications for the existence of eigenvectors of Q. 

Proposition 1.15 ( |43j ) . Let (M,g) be spin with nonzero Killing spinor o~o. Let 
h G £ED(g), and define ft : TM -> TM by h(X,Y) = -2g(ft(X),Y). Then we 
have an eigenvector of Q of either eigenvalue cn or c(2 — n), that is 

(i) 25\E'^' 3 ' " n - ) = ncfy ty P' ry ° > and ft is an infinitesimal deformation of ao, or 

(ii) 9^' CT °) - 2c*<^' CT °) ^ and 

Tj(e(' 9 ^) - 2c* (,3 ' <To) ) = c(2 - n)(e (/3 ' CTo) - 2c* (/5 ' <To) ). 

For a spin manifold (M, g) consider the Einstein premoduli space 3 s ^((g) C Z 
of Theorem 11.111 The bundles E a / and equation (p} depend real analytically on 
g' € Z. Define 3\f+, (resp. 3\f~, ) to be space of solutions of ([1]) for g' £ Z and c = | 
(resp. c = —5). Since ([1]) has injective symbol dimc^Np is upper semi-continuous. 
See for example [301 Lemma 4.3]. We will see by example that it is not locally 
constant as in the case of parallel spinors. 

2. Killing spinors deformations on Sasaki-Einstein manifolds 
2.1. Deformations of transversal complex structure. 
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2.1.1. Versal deformation space. Let (M, g,rj,£,, be a Sasakian manifold. Then 
the Reeb foliation (J^f, J) has a transversely holomorphic structure. The existence 
of a versal deformation space for (J^j, J), fixing the smooth structure of JP, was 
proved in [14] and [18] using arguments similar to those in |22j . 

Let A k = r(A b ' <X> ly(^) 1 - ) be the space of smooth basic forms of type (0,k) 
with values in v(&) 1 ' ■ We have the Dolbeault complex 

(30) 0^A°\a 1 \a 2 ^---. 

Here (j3T)]) is the basic version of the complex used by Kuranishi [35] whose degree one 
cohomology is the space of first order deformation of the complex structure modulo 
diffeomorphisms. Likewise, the first order deformations of (^, J) modulo foliate 
diffeomorphisms are given by H 1 (A*). As in [22, there is an open set U C H 1 ^') 
and the versal deformation space V C IX is the germ of 6> -1 (0) where is an analytic 
map 

H 1 {A') A H 2 (A'). 

Proposition 2.1. Suppose (M,g,r),t;,<&) is Sasaki-Einstein (just Ric T > is 
sufficient). We have H 2 (A°) — {0}, so the versal deformation space is smooth, 
U<ZH 1 {A*). 

Proof. The basic version of Serre duality gives 

H 2 (A') = H^ 3 (T(A^' ® A™" 1 ' )) = 0, 

where the second equality is given by by Kodaira-Nakano vanishing, since AT 1- ' < 
and (m — 3) + 1 = m— 2 < m — 1. The proof of Kodaira-Nakano vanishing in []j|] 
goes through in transversally Kahler case using the transversal harmonic theory 
of [15]. □ 

Since Ric T > 0, the obstruction to lifting a deformation J t , t G 11, to a defor- 
mation of Sasakian structures vanish. 

Proposition 2.2. Let (M,g,r),t;,<&) be Sasaki-Einstein (or just Ric T > is suffi- 
cient), then after possibly shrinking 11, the deformation J t , t Eli, lifts to a smooth 
family (g t , r\t, £, $t), t G U, where $t induces the transversal complex structure Jt- 

Proof. We first show that the basic Dolbeault cohomology H®' k = (A°'*) = {0}. 
This can be proved using Kodaira vanishing as above or from the Weitzenbock 
formula on ip £ il®' k 

k 

(31) 2Ag b 1pa!...a k = A T V>5i...5 fc + ^(ff 7 )^ RlCg-g Tpa 1 ...a 1 _ 1 ^a 1 + 1 ...a k , 

3=1 

where A T = (V T )*V T is the transversal rough Laplacian. Then if ip is harmonic 
and Ric T > Xg T then integrating (|3"il gives 

0> / ((V t ^,V t ^)+A;A(^,V))m 9 , 

j A/ 

where (•, •) is the Hermitian product and /i g = A (^dry)" 1-1 . Therefore 

^ = 0. 

By [13] there is a family of transversal Kahler metrics with Kahler forms ujf 
on (J?£,Jt) depending smoothly on t E II with Wq — oj t . The above argument 
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shows that after shrinking 11 the Dolbeault groups on (J^je, Jt) also satisfy H®f = 
{0}. Since the harmonic space "K\_ has constant dimension, by for example [2TJI 

B b,t 

Lemma 4.3] there are isomorphisms Rt : 3f/^_ — >• depending smoothly on 

t. There exists smoothly varying at € so that R t (at) — [w T — wf]h, the 

a b 

harmonic component. Let G be the Green's operator for Ag fc . Let fit = d*G(u>f + 
Rt(ctt) — ^ T ): an d define r\ t = V + Pt- Then \dr\t — + Rt(u t ) which is of type 
(1,1) and is positive definite for small enough t. 

The family of Sasakian structures (gt,Vty^ <&t) is defined by lifting J t to ker?y t 
to get $t, while 

(32) g t = -dr]t(-,$r) + 'nt®Vt- 

□ 

Since a Sasaki-Einstein structure is transversally Kahler-Einstein by Proposi- 
tion ll.4lii[ a necessary condition for a compatible Sasaki-Einstein structure is that 

(33) 7TCiO% J) = mw T . 

It follows from the proof of Proposition ^. 2l that if ([33| holds for (M, g, rj, £, $), then 
the family (g t , rj t , £, $ t ), t e U, also satisfies 

7rci(^ 5 , J t ) = mwf . 

2.1.2. Sasakian deformations. We consider some properties of a first order defor- 
mation through Sasakian metrics which will be used later. We differentiate 
and use the notation 

Jt = I, lo t = 4>, and g T = h 

where we have 

(34) dr) = 2<j). 
Since uj?{X, Y) = gJ(X, J t Y), we have 

(35) 4> a fS = + I aj3 

(36) = -V=Ift o3 . 
In addition differentiating 

(37) gJ(JtX,Y)+gJ(X,J t Y)=0 
gives 

(38) 2V^lh aP + (I af) + Ip a ) = 0. 
Finally {35J and (JSgJ) give 

(39) a( g = i(7 Q!/ 3 - //3 Q ). 
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2.2. Skew-Hermitian Einstein deformations. By Proposition ll.4lii1 if (M, g, rj, £, <£) 

is Sasaki-Einstein then the transversal Kahler metric g T on ^ is Einstein 

Ric 9 T = 2mg T . 

We define the space ££T)(g T ) just as in Section fl. 4. II using the transversal Levi- 
Civita connection defined in (fT2|) . that is 

£.£V(g T ) = {ft G T(S 2 T b *M) | tr g T ft = S gT h = 0, (A T + 2L T )h = 0}. 

Given ft G T(S 2 T*M) we decompose h into its Hermitian hn and anti-Hermitian 
Ha parts with respect to the transversal complex structure J on zy(j^), i.e. 

h H (JX, JY) = h H {X,Y), h A {JX,JY) = -h A {X,Y). 

We denote by ££2)#(<7 T ) (resp. ££2)a(<? t )) the space of Hermitian (resp. anti- 
Hermitian) essential infinitesimal Einstein deformations. The following is an adap- 
tation of results of N. Koiso [5D] to the current situation. 

Proposition 2.3. Suppose (M, g,r),£,&) is Sasaki-Einstein. Then we have the 
decomposition 

(40) ££V(g T ) = ££V H (g T )®££V A (g T ), 
and h e T(S 2 A"' 1 ) is an element of ££D A (g T ) if and only if 

(41) V^- - Vf ft 5 ^ = 

(42) (V r )%g - 0. 

Proof. Suppose h G F(S 2 A° a ). If ft« denotes raising the second index, then ft" G 
A 1 . We have the Weitzenbock formula 

(43) htibrf + Bthh* = i(A T + 2L T )/i«. 

Suppose ft G ££D( g T ). Then (A T + 2L T )ft j4 = and 103} implies <5<,t/m = 0. 
Trivially, tr g T ft A = 0. Thus ft A G ££V(g T ) and (gDJ) follows. 

It follows from @3J that ft G F(S 2 A^ 1 ) is in ££Da (ff T ) if and only if flS) and 
(S2J) hold. □ 

Let denote the k-th harmonic space of the complex (|3"0)l . 

Corollary 2.4. Lei (M, g,r], be Sasaki-Einstein. Then there is a canonical 
isomorphism 

(44) ^ ^ ££»a( 5 t ) 



ft s3 i— > -v=i/i 53 . 



Proof. First note that from Proposition 12.31 and formula (|43|) we have a decompo- 
sition 

(45) "K\ = JCj^g e JC}i,a> 

into symmetric and anti-symmetric parts. If G 5^3i ^ then = 0. Thus (|43|) 
shows that A T = 0, and we have V T (j> = 0. Lowering an index gives an harmonic 
G ^°' 2 - Since M is Sasaki- Einstein (|3"Tj) becomes 

Since all but the last term are zero, <fi--5 = 0. □ 
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Lemma 2.5. Let (Af, g, rj, £, $) &e Sasaki- Einstein and h T G r(S TJ*Af) an ele- 
ment o/ ££D J 4(<7 T ). If h = it* h T is the pull-back of the basic tensor h T to M then 
/ie££D(g). 

Proof. First note that the O'Neill tensor of the local projection 77 onto the leaf 
space of the foliation ^ is 

(46) A x Y = g(Z,V x Y)Z = -g($X,Y)Z, X,Y eT(D). 

We will use the formulae of O'Neill on the curvature of a Riemannian submersion. 
See ch. 9] for more details. 

If X, Y,Z,W& r(D) are basic vector fields, then we have 

(47) 

g(R(X, Y)Z, W) = g T (R T (X, Y)Z, W) + 2g($X, Y)g(<£Z, W) + g($X, Z)g(<£Y, W) 
-g(<S>Y,Z)g(<S>X, W), 

(48) g(R(X, Y% W) = g(X, W)g(Y, £) - g(X, £)g(Y, W). 
A routine caculation shows that 

(49) Ah(X, Y) = tt* (A T h T ) (X, Y) + 4h(X, Y) - 2h(<f>X, $F), 

(50) S/z(£,X) = -26h T (<S>X), 

(51) Ah(^0 = -2tr/i T . 

We compute from (|47[) using an orthonormal frame {ei, . . . , e2 m -2, £,} that 
(52) 

Lh(X, Y) =vr* (L T h T )(X, Y)+J2 [M^X, ei )g($Y, e 3 ) + g($X, Y)g(^e i ,e j ) 

- g{<5>e u Y)g($X, ej )] h{e u ej) 

= tt* (L T h T ) (X, Y) + 2h($X, $F) + $A) 

= 77* (L T h T ) {X, Y) - 3h(X, Y). 

And (|48|) easily gives 

(53) Lh(X, f ) = -g(£, X) tr /i + h(£, X) = 0. 
It follows from the above equations that 

(54) (A + 2L) h = tt* (A T h T ) + 2tt* (L T h T ) , 

and 8h = 0, tr h = are trivial. □ 



Remark 2.6. It is clear from the proof that a non-zero /i = 77* h T is not an 
infinitesimal Einstein deformation if h T is not anti-Hermitian. 
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2.3. Infinitesimal deformations on Sasaki-Einstein manifolds. From Propo- 
sition O and LemmaESlfor any (3 £ r K\ we have h p £ 8.ET>{g), where h p {X,Y) = 
g T (J(3X,Y). WedefineasinSectionHXl^^ ^) = a(X)a Q , where a = -\{hPf 
and Co is Killing spinor. 

Proposition 2.7. Let (M,g) be a spin Sasaki- Einstein manifold admitting the 2 
defining Killing spinors o~j, j — 0, 1. If /3 £ "K\ then the corresponding basic anti- 
Hermitian symmetric tensor hP is an infinitesimal Einstein deformation of g, and 
(a,0), a = — h(h@y is an infinitesimal deformation of the Killing spinors o~j for 
J =0,1. 



Remark 2.8. The definitions of hP , * /3 ' <T ° and a are made to agree with the 
identifications made in Corollary 12.41 and Section 11.4.21 

Proof. That hr is an infinitesimal Einstein deformation follows from Lemma 12.51 

In the proof we denote (ftr )* by h which can be considered to be a basic tensor 
with values in D = kerry and = — h$. By Proposition 11.121 it is sufficient to 
prove 

(55) J^e, • (Vjft) {X)dj = 2ch{X)a j , for all X e TM, j = 0, 1. 

i 

for a local orthonormal frame {ei, . . . , ea-m-i} for which we may choose ei £ r(-D) 
for i = 1, . . . , 2m — 2, e m _i+j = $ei for z = 1, . . . , m — 1 and e% m -\ = £. We extend 
to an orthonormal frame on C(M) by setting e2m = d r . 

Define an Hermitian frame by e a = ^(e Q — \/— Ue a ), a = 1, . . . ,m — 1 and 

s m = ^(eam-i - v / -T^e 2m -i) = 75 + v 7 -!^). Denote their duals by e a = 

~j$( e a + V—^Jca) and define e s = S a . Note that £ 5 = e a . 

Since Hol(g) C SU(m) the spinor bundle E of M can be identified, on the neigh- 
borhood of the frame, with A ev Span c {e Q |a = l,...,m} = A ev T lfi C(M)\ M , or 
A odd Span c {e Q |o; = 1, . . . , m}. Clifford multiplication is given by a h-> e^m, 1 < 
i < 2m — 1 (or a i-> — giving the other Clifford module structure on E). 

If m is even we take E = A ev Span c {e Q |o; = 1, . . . , m}. If m is odd, then we 
take E = A odd Span c {e Q |a = l,...,m} when considering o~\ £ T(E), and E = 
A even Span c {e Q |a = 1, ... , m} when considering cto £ T(E). In the latter case we 
take Clifford multiplication to act through 1— > — eie 2m in order to obtain the same 
Clifford module structure on E (in this case c = — h). 

The Killing spinors locally are cto = a(x) £ r(A°) and ci = b(x)e\ A • • • A e m € 
r(A m ), where a, b are smooth functions. 

Note that for A, Y £ T(D) basic 



(56) 



V Y h(X) = V$h(X)+g(yY(hX),t)e 
= V Y h{X)-g(h(X),$Y){. 
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Thus 
(57) 

2m-l 2m+2 

i—l i—l i 

2m-2 

= E ei{yJh){X)(ij + 2^h{X)a 3 + <S>h{X)fr 3 - 

i=l 
2m-2 



We will show that the first term on the right of (|57p vanishes. First suppose X = e 7 , 
then 

2m— 2 m—1 m—1 

E ^(vf/opo^ = e ^(vf^)^)^ + e ^(vL^)^)^- 

(58) J=1 Q= i a= i 

If j = 0, then this vanishes since e^ctq = 0. Suppose j = 1, then the first term on 
the right of O is 

(59) =E(V^-V^ Q7 )e Q £ ' 3 ( Ti=0. 

a</3 

And the second term on the right of (|58|) is 

(60) =V^ 7 (-^ £ 5 -2.g( £ 5 , £ / 3 )) ( T 1 

27 ^ 



= -2(V t ) q /i Q7 cti = 



The case of X = e 7 is completely analogous. 
We have 



E e;(Vi/j)(£)<Tj = - E eiK® e i) a j 

i=l i=l 
2m-2 

(61) = - E eih(^ei,ek)e k (Tj 

i,k=l 
2m-2 

= E h(^ei,ei)aj = 0, 

i=l 

for j = 0, 1. The last two equalities follow because •) is symmetric and anti- 

Hermitian. 
We have that 

2m- 1 

(62) E ei(Vih)(X)a 3 ; = -<^h{X)^a h for X e TM. 



20 



CRAIG VAN COEVERING 



Recall that Clifford multiplication is X ■ aj = Xd r <jj, for X £ TM with our 
representation space, unless aj has c = — i in which case we must take X ■ aj — 
—Xd r aj. It is easy to check that 

(63) - <$>h(X)€<Tj = h{X)d r cj J , j = 1, 2. 

Then ([55]) follows from ([62]) and ([63]) and the Proposition follows. □ 

2.4. Infinitesimal deformations on 3-Sasakian manifolds. Recall the impor- 
tant result of H. Pedersen and Y. S. Poon that 3-Sasakian structures are rigid. 

Theorem 2.9 ([35]). Let (M,g), dimM = 4m — 1, be a 3-Sasakian manifold 
with Killing spinors a^ i = 0,...,m. Then any Einstein deformation (M,gt) 
of g with compatible 3-Sasakian structures, i.e. preserving the existence of the 
ai, i = 0, . . . , m, is trivial. That is, there exists a family <j> t of diffeomorphisms of 
M with <f>\ g t — g . 

The transversal space to J^£, for any fixed Reeb vector field £ £ S 2 , is an orbifold 
Z with a complex contact structure. Recall that the twistor spaces for any two £ <E 
S 2 are isomorphic via the transitive action of Sp(l) on the S 2 of Reeb vector fields. 
We denote by JtjiiQ ^ ne harmonic space of the particular £ £ S 2 . Although, the 
^-3l(£)> £ S 2 > are isomorphic they give different deformations bP £ EET)(g), (3 £ 

The proof of Theorem l2.9l and the earlier similar result [24] of C. LeBrun, follow 
mainly from the vanishing of H 1 (Z, 0(L)). We have 

H\Z, 0(L)) = H\Z, fi 2 " 1 " 1 ^ 1 <8> L)) = {0} 

by Kodaira vanishing, since 

The following provides a spinor version of this vanishing result. 

Proposition 2.10. Let (M,g), dimM = 4m— 1, be a 3-Sasakian manifold with 
Killing spinors aj, j = 0, . . . , m. If ft £ ^\(0 is non-zero, then the corresponding 
basic anti-Hermitian symmetric tensor hr is an infinitesimal Einstein deformation 
of g, and (a,0), a = — ^(/i* 3 )" is an infinitesimal deformation of the Killing spinors 
aj for j = 0, m, but never for j = 1, . . . , m — 1. 

Proof. We consider a local orthonormal frame which is in the Sp(m)-structure of 
C(M) 

(ei, e-i, . . . , e4 m ) = (/i, Jl/l, J2/1, Jsfl'-h, ^1/2 ■ ■ • ; fm, Jlfm, 'hfm, 'hfrn), 

where ei,...,e 4m -4 £ n i= i, 2 ,3A =2), / m = -^,J\f m = 6,^2/m = -fi and 

3 fm — &r • 

We define an Hermitian frame by e a — -^(e2 a -i — V - l^ieaa-i) = -^(e2a-i — 
V~ le2a), a = 1, ■ • ■ ,2m, and their duals e Q = e„ = £ Q . In particular, we have 
£2m-i = ^(-6--v/-T6) ande 2 m = ^(-£1- v 7 -!^,.). As in the proof of Propo- 
sition OD] the spinor bundle of (M, 5 ) can be identified with E = h ev T 1 '°C{M)\ M = 
A ev Span c {e Q |a = 1, . . . , 2m}. 

Define the "symplectic form" 

m 

(64) W = ^ £ 2 q-l A £2q. 
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The Killing spinors on (M, g) can be identified with 

a k = ^zu k eT(A ev T 1 -°C(M)), fc = 0,...,m. 

From the proof of Proposition 12. 71 a Killing spinor a k is preserved to first order by 
the Einstein deformation h if and only if 

2m-l 1m— \ 

(65) Y, z a Vlh(X)a k + ^Vlh{X)a k + ^ 1 h{X)a k = 2ch(X)a k , 

a—l a—l 

holds for all X £ D\. Here c = |. 

Define ip £ £1 0,1 (L) by tp^ = h'l9 7 . Since 8 is holomorphic dtp = 0. The line 

i_ 

bundle L has a natural hermitian metric by the identification L = K z m , so there 
is a natural connection on L. Then 

d*ip = -v T ^« 

(66) r 

= -hfV^6 1 = 0, 

where the second equality holds from V T °ha 1 = 0. For the third equality observe 
that Vp9 7 lifts to the form drf = g($2-, •) + v / -Tg(*3-, •) restricted to Di, but h? 1 
is symmetric and so the contraction is zero. 

Therefore ip £ f2 0,1 (L) is harmonic. But as we observed, H X {Z, O(L)) = 0, so 
■0 = 0. It follows that h(X) £ T> for all X £ TM. This fact will be used repeatedly 
in the rest of the proof. 

Substituting £i = ^=(e 2 m + e^) and ®r = ^fem - e^) into dSSI an d 
canceling terms gives 
(67) 

2m- 1 2m- 1 

J2 ^IKXW+Y, e«\7lh(X)<T k -V^lV2h(Xf A e 2m +V^lV2h(X) 1 '°e^ = 0. 



We saw in the proof of Proposition 12.71 that 

e a W T a h M e^ = e*Vlh- M J = 0, 

so (IBTf becomes 

2m-l 2m-l 

( 68 ) E E Vlh M e s e~>a k - yf=ls/2h{ep)e 2m a k = 0, for X = ep, 

a—l 7—1 
2m -1 2m -1 

( 69 ) E E VZhfr^Vk + V^lV2h(e- p )e^a k = 0, for X = 

a—l 7—1 

Define i9 = X^a^i 1 £ 2a-i A £2a, then we have 

(70) afe = + a-TW ^' 1 A e a»»-i A £ 2 m. 
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The second term of (l68l) is 



(71) 



-lV2h(e f 3)e 2m <Tk = E2mA (h(sp) jtf k ) 

(fc- 1)! g2ro A ^ h<y£f ^ J ^) A ^ 



fc-i 



(fc-1)! 



Note that every term of (|71| contains £2m but does not contain S2 m -i- The terms 
of the first component of (|68[) which also contain eim but not £2m-i are 



(72) 

We simplify ((72]) to get 



EvyT. _5_2to-1_ 



E\7 T h ^aJ2m-l„ 



^ -/ 1 (^,Vf 3 e 2m _ 1 )e s e 2m - 1 ( 7 fc 



2m- 1 



(73) 



-1^2 J2 h{e Pl ^ 2 eo l )e n e 2m - 1 a k 



a=l 



= - v ^Tv / 2$ 2 /i(^)e 2m "V fe 
(fc-1)! 

Together the terms of (j6"5|) which contain £2 m but not £2m-i are 

T4V2 



(74) 



(fc 



— f)!~ £2m A A 1? 



fc-i 



We claim that (1741 is non-zero for 1 < fc < m — 1 when < &2^(£ ( g) is non-zero. But 
this follows because d is a complex symplectic form on D. Thus /i(£,g) = 0. 
A similar argument will be carried out with (|69|) . The second term of (j6"9")l is 



-lV2ft(. 



-12 



(75) 



v / ^T2 v / 2 



/l(£g)A^- 1 A£ 2m _l. 



" (fc_l)l 

The terms of the first component of (|69| which contain £2m-i but not £2™ are 



(76) 



EY7T7 _a 2m-l 
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We compute 

2m— 1 2m-l 

V a^2^T £ £ <J k= 2^ -M^,V a e 2 — )e e a k 

a— 1 a— 1 

2m- 1 



= -V=V2 5] 5 (/ l ( e ^),$ 2ect ) e Q e 2m -V fe 



ct=l 



(77) 



^l\/2$2 M £ £ ) £ 2m- 1 tffc 



= ^^ e 2m -i A ($ 2 &(^) J0) A tf^ 1 
= - ^ 2 1 ^ £2m-iAft(£g)A7? fc - 1 

Combining ([75) and flTTJ give 

(78) - ^ 4 2 £2m-i A ft(e ? ) A i? 

Again for 1 < fc < m — 1 (175)) is non-zero for ft(eg) non-zero. Therefore, for 
1 < k < m — 1 equations (1551) and (|M|) hold only if /i vanishes. □ 

3. INTEGRABLE DEFORMATIONS OF KILLING SPINORS 

We consider the intcgrability of the infinitesimal Einstein deformations h@ £ 
££T>(.g) for f3 £ JC^ from the last section. We will also consider the integrability of 
infinitesimal Killing spinor deformations. This is essentially the problem of deform- 
ing Sasaki-Einstein metrics. We give some sufficient conditions for integrating these 
infinitesimal deformations. A deeper study of the problem involves K-polystability, 
but here we merely give some sufficiency results using analytic methods. See |38j 
where a sufficient condition involving K-polystability is given for a neighboring 
complex structure on a Kahler-Einstein manifold to also admit a Kahler-Einstein 
metric. The Sasaki-Einstein case is considered in the forthcoming work [39j with 
C. Tippler. 

3.f . Integrability on Sasaki-Einstein manifolds. We state a result from [41] 
giving a sufficient condition for deforming Sasaki-Einstein structures. Let (M, g, rj, £, $) 
be a Sasaki-Einstein structure, and let GCG' = Aut(g, 77, £, be a compact sub- 
group. We consider G-equivariant deformations of the foliation (J^f, J). We have 
the G-equivariant Dolbeault complex 

(79) -> A° G A A G A A% -> • • • , 

with A k G = r(A°' fc (X)^(^) 1 '°)G the subspace of G-invariant sections. Then H l (A G ) 
gives the first order deformations of , J) preserving the action of G. We saw 
in Proposition 12.11 that the versal deformation space IX is smooth. The space of G- 
equivariant deformations IL G C II is a submanifold with tangent space H 1 (A G ) C 
i? 1 (7l). With respect to a fixed transversal Kahler structure we have the G-invariant 
harmonic space G and ^(Aq) = 'K 1 A G . 



24 



CRAIG VAN COEVERING 



If Jt)tev is a G-equivariant deformation, then one can show as in Propo- 
sition [22] that there is a family of Sasakian structures (gt>Vt,£, i &t), t £ V, with 
G C Aut(<7 t , rj t , £, <£> t ) where <I> t induces the transversal complex structure J t . Ar- 
guments using the implicit function theorem can show the following. 

Theorem 3.1 ([41]). Suppose (M, g, 77, £, $) is a Sasaki-Einstein manifold. Let 
G C Aut(g, 77, £, $) fee a maximal torus, and let (^g, Jt)tev be a G-equivariant 
deformation with V smooth. Then after possibly shrinking V, there is a family 
(9t,r]t,£,,Qt), t £ V of Sasaki- Einstein structures with (go, rjo, £, $0) = (<?;??,£, 
and i/jzi/i $ t inducing the transversal complex structure Jt- 

This implies the following in terms of Killing spinors. 

Corollary 3.2. Let (M,g) fee a spin Sasaki-Einstein manifold admitting the two 
defining Killing spinors <7j, j — 0,1, e.g. M is simply connected. Then the infini- 
tesimal Einstein deformations hP , for ft £ r K\ G , integrate to a family g t , t £ V C 
C d , d = dime Jf^ G , of Einstein deformations preserving o~j, j = 0, 1. 

The components in EET)(g) of {v(g t ) \ v £ TqV} are precisely the original infin- 
itesimal Einstein deformations {h^ \ (3 £ 'K 1 ^ G }. 

Proof. Just the last statement remains to be proved. Consider the family (g t , J] t , £, $t), 
t £ V of Proposition 12.21 Using the notation of Section 12.1.21 and differentiating in 
the direction of some v £ TqV we have 

(80) <p afj = 

(81) = -V^Kp 

(82) h a p = V—lIa/3, 

which follow from (|3^|) . ([3T>1) and (|55|) respectively. In the proof of Proposition 12.21 
the basic cohomology class [cjf] is constant. Thus is an exact (1, l)-form. We may 
replace r\ t with r\ t + d c ipt, so that using the same notation we have \dr\t = <f> = 0. 

The possible contact forms for a fixed Reeb vector field £ and transversal complex 
structure Jt are rjt + d c ipt+dO t for basic functions 4>t,&t £ C7£°(M). See [4TJ Lemma 
2.2.3], where we also use that Ric T > 0, which implies that the basic cohomology 
Hi = H 1 (M, R) = {0}. And d6 t is given by a gauge transformation exp(6 t £,)*r]t, 
which fixes basic tensors. Therefore, by adding a factor of d6 t to rj t , we may arrange 
that r] t = 0. We assume that the family (<7t, £, 3>t), t £ V is chosen so that r)t — 
at t = 0. Thus the only component of g t at t = is h a ( } = ^/~^\I a p £ EET)(g). 

Recall that if ip £ G£°(M) is sufficiently small there is a Sasakian structure 
{gt,ipirit,ip,£,, *&t,ip) with contact form r\ t ,^ = rjt + d Cr ip and transversal complex struc- 
ture Jt- The metric is 

9t,l> = \dilt,il>{- j Jf) + rftrt ® »7t,-0) 

and $t,t/> is the lift of J t to ker?7 t! ^. 

Theorem 13.11 is proved by using the implicit function theorem to find ipt £ 
C£°(M), t £ V, so that the Sasakian structure (gt,ip, r]t,ip,£,, ®t,ip) has scalar curva- 
ture St,if> t = 0. We review enough of the proof of Theorem 13 . 1 1 to prove the corollary. 
For more details see |41) . 

We consider the G-invariant Sobolev space Lf. +4 G (M), k > m, of k + 4 times 
weakly differentiable functions. For ip £ Lf, +4G (M) small we have the Sasakian 
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structure with metric gt,^ as above. We have the space of holomorphy potentials 
"K® ^ for this metric where g is the Lie algebra of G (cf. [41 ]). Using the metric gt,ip 
to define the L 2 inner product on L\ G (M) we have the orthogonal decomposition 

lI g (m) = yzij^eww 

and the projections 

tt^ : L% G (M) -> V^IX*^, and tt^ : L% G (M) -> W fc , M . 
The reduced scalar curvature of gt,ip is given by 

(83) = tt5(s^) = (1 - 7r t G l/ ,)(s t , v ,). 

Let [7 C V x L 2 k+i G {M) be a neighborhood of (0,0) so that for {t,ip) G U, 
(gt,4>, Vt,ip,£, ®t,ip) is well defined. For U = U n (V x Wfc+4,o) we define a map 

(84) M) » 



The derivative of dH5) is 

(85) dS : W w -> W fcl0) 

with dS(ip) — — 2L 9 ^. Here L 9 is the self-adjoint operator 

L g ?p = ±A& + i(Ric T ,dd c ^) + ^(#,<fe ff ). 

As proved in [JTJ Cor. 4.2.5] there is a family tp t , t € It, with 

(86) §(t,V t )=^( S ^ t )=0. 

Since <? t € ££.D(g) it is easy to check that ^sfo = at t = 0. Then differentiating 
(f86|) at t = gives —2L g ipt = 0. But (f85|) is an isomorphism, so ijjt = at t = 0. 
Therefore at £ = we have 3t,^ t = <?t which is h a p — \J —\L a p G ££23 (g). □ 

We will give an application of Theorem 13.21 in Section [5j 

3.2. Integrability on 3-Sasakian manifolds. We can prove integrability of many 
of the transversal infinitesimal deformations on a 3-Sasakian manifold. The infini- 
tesimal deformations of the real subspace ReJC^iCO c with respect the real 
structure on c : t K 1 A {£) — > J£3i(£) induced by the anti-holomorphic rea/ structure 
S : Z — > Z integrate to Einstein deformations preserving the existence of precisely 
two Killing spinors. 

Theorem 3.3. Let (M,g), dimM = Am — 1, 6e a 3-Sasakian manifold, and denote 
by <7j, i = 0, . . . , m £/ie Killing spinors associated to the 3-Sasakian structure. Then 
the infinitesimal Einstein deformations h@ of g for (3 6 RelH/^^) in Proposition \2. 7| 
integrate to a family g t , t G N C R d , d = dimcM^, o/ Einstein deformations of 
g preserving o~o and a m but not the remaining. The components in ££2)(<7) of 
{v(gt) | v G ToN} are precisely the original infinitesimal Einstein deformations 

Corollary 3.4. Let (M,g), dimM = Am — 1, be a 3-Sasakian manifold with 
d = dime H (A'). Then g has a d-dimensional family of non-trivial deformations, 
{gt | t G N C where g t , t ^ 0, has a compatible Sasaki-Einstein structure but 
no 3-Sasakian structure. 
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Recall that the quotient of M, dimM = 4m + 3, by the action of Sp(l)-action 
generated by {£1,62, £3} is a quaternion-Kahler orbifold (M,g), dimM = 4m. If 
m > 2, this means there is a three dimensional bundle 3 C End(TM) which is 
locally spanned by almost complex structures J,, z = 1,2,3 satisfying the quater- 
nionic identities which is preserved by the Levi-Civita connection of g. This is 
equivalent to the existence of an 1-integrable Sp(m) Sp(l)-structure on M . The 
O'Neill formulas of the submersion it : M — > M show that (M,g) is Einstein with 
constant A = 4m + 8. If m = 1, every oriented manifold satisfies this with 3 = A?_. 
A 4-dimensional quaternion-Kahler orbifold (M,g) is defined to be oriented and 
satisfy = and Ric 9 = Xg. 

We will consider a weaker condition, that of a quaternionic structure (cf. [37]). 

Definition 3.5. A quaternionic structure on M, of dimension 4m, m > 2, is 
a three dimensional subbundle 3 C End(TM) which is locally spanned by almost 
complex structures Ji, z = 1,2,3 satisfying the quaternionic identities and preserved 
by a torsion-free connection on TM . This is equivalent to the existence of an 1- 
integrable GL(m, H) Sp(l)- structure. 

Ifm = l, then a quaternionic structure is defined to be a conformal class [g] with 
an orientation on M satisfying W^-, = 0. 

Part of the interest in quaternionic manifolds is due to an attractive twistor 
correspondence [36 . If (M,3) is a 4m-dimensional quaternionic manifold, then the 
twistor space is Z = P(E) where E is the locally defined complex 2-dimensional 
bundle associated to the complex 2-dimensional representation of the Sp(l)-factor 
of GL(m, H) Sp(l). Then Z is a 2m + 1-dimensional complex manifold with a fam- 
ily of twistor lines CP 1 with normal bundle Ocpi(l)® 2m and an anti-holomorphic 
involution <; : Z — > Z preserving the real twistor lines. Conversely, if Z is a 
2m + 1-dimensional complex manifold with a family of twistor lines CP 1 with nor- 
mal bundle Ocpi(l)® 2 ™ 1 and an anti-holomorphic involution a : Z — > Z, then a 
connected component of real twistor lines is a 4m-dimensional manifold with a 
quaternionic structure. Since the twistor correspondence is natural, if (M, 3) is a 
quaternionic orbifold we may define the twistor space over each uniformizing chart 
as for manifolds and quotient by the orbifold group. 

We say that a diffeomorphism of a quaternionic manifold (orbifold) F : M — > M 
is a quaternionic automorphism if the derivative of F preserves the bundle 3, or 
equivalently preserves the GL(m, H) Sp(l)-structure. The following is essentially 
different proof of a result of C. LeBrun Corollary C], but we need to consider 
the case in which (M, g) is an orbifold. 

Lemma 3.6. Let (M,g) be a quaternion-Kahler manifold or orbifold whose associ- 
ated 3-Sasakian space M is smooth. If (M , g) admits a quaternionic automorphism 
which is not an isometry, then (M,g) is locally isometric to HP'™ with the symmet- 

isom 

ric metric. Thus (M , g) = T\HP m , reSp(m + l). 

Proof. Let M -> M be the Sp(l) or SO(3) orbifold bundle with M the 3-Sasakian 
space associated to M. Suppose there is such a quaternionic automorphism F : 
M —> M, then F lifts to a diffeomorphism F : M —> M which maps each £j, i = 
1, 2, 3 to itself and preserves the complex structure on the transverse space Z. The 
complex contact form 9 of Z lifts to rf = 772 + V~ 1'73- Since F : M — > M is an 
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isometry if and only if the biholomorphism induced on Z is complex contact (251 132] , 
fj = F*rj c 7^ rf . And C(M) has two holomorphic symplectic forms zu = d(r 2 r] c ) 
and w = d{r 2 f(). If V is the Levi-Civita connection of (C(M), <?), then Vcc = 0. 
Note that both m and w are of order 2 with respect to the Euler vector field rd r . 
Since Vd r d r = and \7 r g r X = X for a vector field X on M viewed as a vector 
field on C(M), it is easy to check that V d r w = 0. 

We have the following formula on a Kahler-Einstein manifold with Einstein con- 
stant A 

(87) V^V /3W aia2 — V^V^TZ7 Qia2 + 2\zu aia2 . 

Since A = and w is holomorphic, we have V^V^Ti7 QlQ2 = \/ l3 'V-pW aia2 = 0. 
Consider TC(M)\m as an Hermitian vector bundle on M and denote by V the 
connection V restricted to M. Then V*Vtzj = V*Vzzj = and 



0= / (V*Vk7,to)/i 9 

J M 

= / (Vro, Vro) fig. 
Jm 



Therefore Vtz7 = 0. So the holonomy of (C(M),g) stabilizes two linearly indepen- 
dent (2,0)-forms of maximal rank, and the holonomy of the universal cover C(M) 
is reducible. It follows from |17l Prop. 3.1] that C(M) is flat. Thus M is isometric 
to a space form r\S 4m+3 . □ 

Proof of Theorem. Fixing a £ G S 2 we have the foliation ( , J) whose transversal 
space is the twistor space Z. There is a subspace )(cllc H (A') of the versal 
deformation space of , J) of real deformations. These are the deformations Jt 
for which c(Jt) = — Jt- By straight forward averaging one can choose the family of 
compatible Sasakian structures in Proposition ^. 21 (g t , r/t. £, $ f ) to satisfy 

(88) <*9t = 9u S*Vt = ~Vt, = = 

for t € 3\f. In particular, we also have <j*u; T = — lj t . For i € N with respect 
to (gt,Vt>£>$t) w e have ReH 1 ^*) = ReJ£^(£) for the tangent space to N at 0. 
Therefore (^j, J t ) = (Z,J t ) has a Kahler structure w^, with cj^ G 2m c i(^5 > ^o) 
depending smoothly on i G N and Ricci(w^) = 4mwQ . Since the leaf space is an 
orbifold we will denote the transversal Kahler space by (Z,Jt,uit). 

Let g be the Lie algebra of quaternionic automorphisms of (M, g). By the twistor 
correspondence, = {X G t)0l(Z, Jo)\^X = X}. Since g is a real form of t)0l(Z, Jo), 
0® C = t)ol(Z, J ). By Lemma EH C isom(M,g,3). Thus g C isom(Z, w , J ). 
Since (Z, luq, Jo) is Kahler-Einstein the results of Y. Matsushima [27^ show that 
isom(Z, u , J ) c g ® C is a real form, so g = isom(Z, cjo, Jo)- 

Recall that / G C°°{Z, C) is a holomorphy potential if 

3 #/:=(S/)# = £jt,^ 

is holomorphic. We define the space of normalized holomorphy potential functions, 

(89) 'Kg := {/ G C°°(Z, C) | / is Hamiltonian and J f fi g = 0}. 
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Suppose W G T{T la Z) is holomorphic with ReW = X G = {Y G t)ol(Z, J ) | ?*Y = 
Y}, so Lxoj = 0. And let fw G C°°(Z) be a symplectic Hamiltonian, with 
Jz fw^g — 0, that is 

(90) Xju = df w 

Then 

3 # /iv = \{df w + V^lJ*df w )* = ~(JX + V^IX) = 

From (|88p and (|90p we have s*dfw — — dfw, and J z /vp ^9=0 implies that = 
—fw- Since JC S is the complexification of the real functions fw considered, we have 
that ?*/ = -f for all / £ % g . 

There are F t G C°° (Z) depending smoothly on t G N with 



(91) yf^ldtdtFt = Ricci(wt) - 4mw 



Since F t is defined up to a constant, <;*F t — F t + c t for t G RcN. But J(F t — 
<?F t )ii gt = 0, so s*F t = F t . 

Define C fe - a (Z) sym to be the Holder space of functions / with <r*/ = /. The 
Monge- Ampere equation 



2m— l . 



(92) t) - l0E & t + ^ B r y ''^ ) + *™K = F t 
is invariant for t G Re N, and ^ defines a smooth map 

(93) * : C fc+2 ' Q (Z) sym xReW-> C*' Q (Z) a 
The differential of (El is 



(94) A^(y>) = (-A 5 +4m)^>. 

But it is a result of Y. Matsushima [27] that "K g = kcr(Ag — A), where A = 
4to is the Einstein constant. Thus D v ^> : C k+2 ' a (Z) sym -> C k ' a (Z) sym is an 
isomorphism. By the implicit function theorem, after possibly replacing 3\f by a 
smaller neighborhood of 0, for t G N there is a yj t 6 C fc+2,Q (Z) sym with ^(tpt) = F t , 
and 

(95) u' t = w t + \f^id t d t ip t 

is Kahler-Einstein. Well know regularity results show that y>t € C°° {Z) sym . 

j_ i_ 

Let 7r : Mt — >• Zt be the U(l)-bundle associated to either K£ or K Zt 2m , de- 
pending on whether (M,g) fibers over (M,g) with generic SO(3) or Sp(l) fibers. 
Choose the connection form on M t to be rj' t = rj t + d c t Lpt- Then from (|95|) one has 
\dr) t = oj'f We get a Sasaki-Einstein structure (g' t , r]' t , £, on Mt where 

(96) g; = ^(.,$;-) + ^®r ? ;, 

and $J is the lift of J t to ker?7j. 

By Theorem l2.9l for small (eN, (M, gj) has no compatible 3-Sasakian structure. 

It remains to prove that the components in £.ED(g) of {v(gt) \ v G Tq'N} are 
precisely the original infinitesimal Einstein deformations {h 13 \ f} G 3^3i(£)}- Con- 
sider the family (g t , rjt, £, $t), i G INT of Proposition 12.21 Using the notation of 
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Section 12.1.21 and differentiating in the direction of some v G TbN we have 

(97) <j> a0 

(98) <t> a0 = - 

(99) h aP = y 

which follow from (I3T))) , ([Ml) and (|55|) respectively. In the proof of Proposition 12.21 
the basic cohomology class [cjf] is constant. Thus is an exact (1, l)-form. We may 
replace r\ t with r\ t + cf^tj so that using the same notation we have hdfjt = <fr = 0. 

The possible contact forms for a fixed Reeb vector field £ and transversal complex 
structure Jt are rj t + d c ipt+d9 t for basic functions ^t,^* G C&°(-&Q- See [HJ Lemma 
2.2.3], where we also use that Ric T > 0, which implies that the basic cohomology 
Hi = H 1 (M, R) — {0}. And d6 t is given by a gauge transformation exp(6t£,)* r lt, 
which fixes basic tensors. Therefore, by adding a factor of d9t to r)t, we may arrange 
that f/t = 0. 

We suppose now that we have chosen (gt,Vt,£,,&t), t G N as such. Thus the 
only component of h is /i Q| g = v— l/ a/ g , which is a transversal infinitesimal Einstein 
deformation. Differentiating (|9T|) gives 

sf=ld b d b F t = 0. 

Then differentiating (|92|) with respect to t gives 

(-Ag + 4m)0 t =0, 

and it follows that ip t = at t — 0. Therefore , £, $J) gives the same first 

order Einstein deformation at t — as (g t , rjt, f, <&() which is /i a ^ = -\/ — D 



= 




4. Space of Deformations on a 3-Sasakian manifold 

The space of Einstein deformations on a 3-Sasakian manifold constructed in 
Section [2] has an interesting structure. Suppose (M,g) has a 3-Sasakian structure 
with Reeb vector fields ^1,^2^3 satisfying = —2e^ k ^ and space of Reeb 

fields S 2 . 

For i G S 2 and /3 G we define hP* G E£T>(g), where h^(X,Y) = 

g T (Jf3X,Y) where we distinguish the particular Reeb vector field. We have the 
following space of infinitesimal Einstein deformations 

(100) §®{g) := ]T {h™ I P G JCi(0} C £££( 5 ) 

{es 2 

We have a left action of Sp(l) on (M,g) generated by : C2, ^3 ■ This acts on 
(C(M), Ji, J2, J3) by quaternionic automorphisms. That is, it preserves the bundle 
of quaternionic frames Ls p r m -\s p ii)(C(M)). This lifts, via the spin structure to an 
action on L Sp(m)Sp(1) (C(M)) C L Spin(im) (C(M)) if m is even or L Sp{m)xSp(1) (C(M)) C 
Lspin(4m)(C(M)) if m is odd. The Killing spinors are contained in the 7 m factor 
of S^ m of ([6]). Thus Sp(l) acts on the Killing spinors via the representation of 
Sp(l) = SU(2) on 7 m = S 2 (p>2)- Let {ei, ei\ be the standard basis of /x 2 = C 2 . 

Proposition 4.1. Suppose ^'eS 2 . If £ ^ f and $ 7^ then 

{h™ I /3 G 5t\(0} n I /8 G ttitfO} = {0}. 
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Proof. We may suppose that £ is the Reeb vector field £1. By Proposition 12.101 
the elements h 13 ^ preserve the spinors corresponding to the span of e™ and e™ but 
not the remaining. Let g G SU(2) be such that <?£ = Then the elements h^'* 
preserve precisely the spinors g(e™) and g{e™). This is the same subspace as that 
spanned by e™ and e™ if and only if g is in the subgroup generated by the elements 



such that lul = 1, and J 





-1 



This is precisely the subgroup fixing £i G 



□ 



Proposition 4.2. Let (M,g) be 3-Sasakian with dimM = 4m— 1. Suppose £ 
S with £ 7^ £' and £ 7^ — ^4nd suppose (3 £ ^H//i(0 cma ' ^ -Ka(£') are non-zero, 
then 

h^i + hP'^ £ £®{g) 

is non-zero and preserves a 1- dimensional subspace of Killing spinors if m = 2 and 
no Killing spinors if m > 2 . 

Proof. Again suppose that £ is the Reeb vector field £1 and £' = g£i for g e SU(2). 



Suppose that g 



is not in the above subgroup. A non-trivial element h"'^ 



preserves the space of Killing spinors spanned by g{e™) and g(e™). This subspace 
intersects the space spanned by e™ and e™ if and only if there is an r £ C so that 



m—l 

■E 

k=l 



u k w r 



-k k m—k 
e l e 2 



The first and second terms give ruw m 1 
viding gives vw — ux, contradicting uv — 



k=l 

= vx m ~ 

VW = 1. 



v k x ™~k e k e rn~k 



and 



□ 



When m — 2 the representation 72 = S 2 (/i2) is the real 3-dimensional represen- 
tation of SU(2) which acts transitively on unit length vectors. 

Proposition 4.3. Let (M,g) be a 7- dimensional 3-Sasakian manifold. Suppose 
G S 2 are linearly independent and /3 £ 3i\(0, P' G and (3" £ 

-Ka(£") are eac h non-nonzero. Then 

is non-zero and preserves no Killing spinors 

Proof. Each h^,h p ''^ , and h 13 "^" preserves a real 2-dimensional subspace of 
Killing spinors. Let u\ be a spinor in the intersection of the first two subspaces. 
Then + + hP"^' clearly acts non-trivially on o~±. Let 172 be in the inter- 
section of the last two subspaces, and 03 in the intersection of the first and last. 
Similarly, it acts non-trivially on 02 and 03, and ci, 02, 03 span the space of Killing 
spinors. □ 



This proves Corollary 0] By Theorem [JO] for any f3 £ Re JC3i(£) the deformation 
hP* is integrable. By Proposition 14.21 for m > 2, and Proposition 14.31 for m = 2 
there are elements in the span of these elements preserving no Killing spinors. 
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5. Examples 

5.1. Toric 3-Sasakian manifolds. The examples of toric 3-Sasakian 7-manifolds 
from [5] provide interesting examples of Einstein deformations, integrable and in- 
finitesimal, preserving various numbers of Killing spinors. This will give non-trivial 
examples of the theorems of the previous sections. 

Definition 5.1. A 3-Sasakian manifold (M, g), dim M — Am — 1, is toric if there 
is aT m CAut(M, fl ,a,6,6)- 

Remark 5.2. Note that a toric 3-Sasakian manifold is generally not toric as a 
Sasakian manifold. 

The isometry group of a 3-Sasakian manifold is 

Aut(Af, 5 ,£i,6,6) x Sp(l) or Aut(A/, 5 ,a,6,6) x SO(3), 

where the Sp(l) or SO(3) factor is generated by the Reeb vector fields. 

Toric 3-Sasakian manifolds have been constructed from 3-Sasakian quotients 
by torus actions on S 14 ™ -1 [7J |9], with the 3-Sasakian structure given by right 
multiplication by Sp(l). A subtorus T k C T n is determined by a weight matrix 
^k,n € Mat(fc,n, Z). There are conditions on J7, C. Boyer, K. Galicki, B. Mann, E. 
Rees, 1998 [9], that imply the moment map 

H : S 14 ™- 1 -> (i k Y ® R 3 

is a submersion, and further that the quotient 

Mn kn = 5 4 "-V/T fe = ^(Oj/T* 

is smooth. When n = k + 2 the above authors showed there are infinitely many 
weight matrices in Mat(fe, n, Z) for k > 1 giving infinitely many 7-manifolds Ma k n 
for each 62 = k > 1. 

Lemma 5.3 ([40:). Let Z 6e i/ie twistor space of a toric 3-Sasakian 7-manifold M, 
thenH 1 {Z,(d z )=li 1 ( y Z,<dz) T ^ and 

dim c iJ^Z, 9 Z ) = b 2 [M) - 1 = fc - 1. 
TTiws Z /ias a /ocaZ 62 (M) — 1- dimensional space of deformations. 

If 62 (M) > 1, then the maximal torus of Sasakian automorphisms, T 3 C Aut(M, £1), 
is 3-dimensional. Theorem 13.11 implies the following. 

Theorem 5.4. Let (M,g) be a toric 3-Sasakian 7-manifold. Then (M,g) has a 3- 
dimensional space of Killing spinors spanned by o~q, o~\, a 2 . Then g is in an effective 
complex b 2 {M) — 1-dimensional family {gt\t£U, U C C h2 ' M - l_1 with go = g, of 
Sasaki-Einstein metrics where gt is not 3-Sasakian for t 7^ 0. 

Therefore the deformations preserve a two dimensional subspace of Killing spinors 
spanned by erg, g 2 . 

The deformation space of Sasaki-Einstein metrics with their isometry groups is 
illustrated in Figured] 

For a given £ G S 2 , the space of infinitesimal Einstein deformations {hP>t \ [3 g 
— ££^(flO integrate to Einstein deformations preserving Killing spinors 
Co and (72 but not o\. Note that the space S&{g) defined in (|100p is spanned by 
integrable Einstein deformations. Theorem [2] now follows from Proposition 14. 21 and 
Proposition ^. 31 
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Figure 1. Space of Sasaki-Einstein metrics 
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